
Theor Appl Genet (1995) 91:15-24 �9 Springer-Verlag 1995 

M. J. Dieters �9 T. L. White �9 R. C. Littell 
G. R. Hodge 

Application of approximate variances of variance components and 
their ratios in genetic tests 

Received: 10 August 1994 / Accepted: 30 September 1994 

A b s t r a c t  The application and underlying assumptions 
of formulae used to estimate the variance of variance 
components and ratios of variance components are fully 
described for (1) variance components estimated using 
Henderson's Method 3 (HM3) and Restricted Maxi- 
mum Likelihood (REML) and (2) ratios of variance 
components commonly used in genetic tes ts-  biased 
and unbiased heritabilities. A first-order Taylor series 
approximation is often used to estimate the variance of a 
ratio of two random variables (e.g., heritability), how- 
ever the formula is complicated, thus making calcula- 
tions prone to errors. Dickerson's approximation is 
considerably simpler, though relatively rarely used. In 
case studies using data from 148 slash pine full-sib 
progeny tests, Dickerson's method was found to be 
slightly more conservative than the Taylor series ap- 
proximation when estimating the variance of heritabil- 
ity estimates, regardless of test size, age, or the trait 
(volume, which is a continuous trait, and rust resistance, 
which is a bernoulli trait). Both the Taylor series and 
Dickerson approximations compared favorably with an 
empirical estimate of the variance of heritability esti- 
mates, however there is some evidence of small-sample 
bias associated with the use of the asymptotic variance- 
covariances from REML variance component estima- 
tion. 
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Introduction 

The results of quantitative genetics tests are commonly 
summarized in terms of estimated variance components 
and ratios of these variance components, such as herita- 
bility and genetic correlation. When such statistics are 
examined, it is natural to inquire about their precision; 
hence, standard errors are customarily reported for the 
variance component estimates and ratios of interest. 
The estimation of such standard errors is not simple, 
and in the case of the variance of a ratio of variance 
components, no closed-form expression exists. 

Knapp et al. (1985) present exact confidence intervals 
for family mean heritability from balanced data, and 
nonparametric confidence intervals can also be es- 
timated (Knapp et al. 1989). However, the formulae 
most commonly used to estimate standard errors of 
ratios of variance components are based on a Taylor 
series approximation (Tallis 1959; Swiger et al. 1964; 
Kempthorne 1957; Becker 1975; Namkoong 1979, Bul- 
mer 1980; Baker 1986; Hallauer and Miranda 1988; 
Falconer 1989). Although the theory of this Taylor series 
approximation is accessible in advanced calculus and 
statistics texts (Kaplan 1952; Kendall et al. 1987; Searle 
et al. 1992), neither the derivation nor the underlying 
assumptions required in the derivation and application 
of these formulae have been presented in either the 
forestry or the genetics literature. Failure to clearly 
understand the parameters and the assumptions implic- 
it in these formulae can lead to erroneous and inappro- 
priate application. 

The objectives of this paper are twofold. First, to 
clearly lay out the theory and assumptions needed to 
derive approximate standard errors of ANOVA- (analy- 
sis of variance) and REML-(restricted maximum likeli- 
hood) based estimators of variance components and 
their ratios for both balanced and unbalanced data. The 
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second objective is to compare the approximate vari- 
ance of ratios of variance components to the empirical 
variance among many separate estimates of these ratios, 
which were obtained from real data. The ratios of 
variance components which will be used in this study are 
(1) single-site biased heritability (hb 2) estimated using 
ANOVA and REML and (2) unbiased heritability (h 2) 
from paired sites estimated using REML. The case 
studies will examine two traits of slash pine (Pinus  
ell iott i i  Engelm. var elliottii)  in the Cooperative Forest 
Genetic Research Program (CFGRP) at the University 
of Florida: resistance to fusiform rust (caused by the 
fungus Cronar t i um  quercuum f. sp. fus i forme) ,  which is a 
bernoulli trait, assessed as infected or rust-free, with 
moderate heritability; and tree volume, which is a con- 
tinuous trait with a lower heritability. 

For a complete derivation of Eq. 1 refer to chapter 2 of 
Dieters (1994) or Appendix S.3 of Searle et al. (1992). 

The variance of an ANOVA-based variance compo- 
nent estimate is derived by using the fact that all such 
variance component estimates are linear functions of the 
observed mean squares. Let X~, X> . . . .  ,X n be random 
variables, and a l , aa  . . . .  a ,  be constants. Then for 
U = Z ' ] a i X  i, 

?7 

Var(U) = Ea~Var(Xi) + 2 ~  ~ a~a jCov (X i ,  X f l ,  
i i<] 

(2) 

where the double summation is over all pairs (i , j)  with 
i < j  (Mendenhall et al. 1990). 

Equations 1 and 2 can be used to estimate the vari- 
ance of any ANOVA-based variance component esti- 
mate. For example, let 82 be estimated by 

Theory 

Variance of variance components - ANOVA 
estimates 

All ANOVA-based estimators of variance components 
rely on equating observed mean squares to their 
expectations and solving for the variance components. 
When data are balanced, ANOVA-based estimates 
of variance components are unique and unbiased, and 
have the minimum variance among all unbiased quad- 
ratic estimators (Swallow and Monahan 1984; Khuri 
and Sahai 1985; Searle etal. 1992). These optimal 
statistical properties usually make ANOVA-based es- 
timators the best choice when data are balanced. Al- 
though ANOVA-based variance component estimates 
are derived from sums of squares in the ANOVA table, 
no assumption of normality is required to derive 
ANOVA estimators (Serle et al. 1992). However, in order 
to derive the usual estimator for the variance of variance 
component estimates, the traditional normality assump- 
tions for analysis of variance are required (i.e., that all 
random effects in the model are normally distributed with 
a mean of zero, some finite variance, and zero covarian- 
ces between effects (Searle et al. 1992; Winer et al. 1991)). 

In order to apply formulae for the variance of ratios 
of variance components, it is necessary to know the 
variance and covariance among the variance compo- 
nent estimates. To obtain this information we must first 
estimate the variance of the mean squares in the 
ANOVA. Once the variance of the mean squares is 
known, it is then relatively simple to estimate the 
covariances of the variance component estimates. 

If SS is a sum of squares with degrees of f reedomf in 
an ANOVA table, then the variance of the correspond- 
ing mean square (MS = SS/f) is 

d~ = (MS, - MS2)/c , 

where MS~ and MS 2 are mean squares from the analysis 
of variance with degrees of freedom fl  and f2, respective- 
ly, and c is a constant. Then, 

Var(d 2) = Var((MS~ - MS2)/c) = 1/c 2 Var(MSz - MS2) 

using Eq. 2, 

Var(82) = 1/c 2 [-Var(MS1) + Var(MS2) 

- 2Cov(MS1, MS2)] 

applying Eq. 1, 

Var(8 2) = 2/c  2 [(MS2/(f~ + 2)) + (MSZ/(f2 + 2))], 

if we assume that the covariance between the mean 
squares is zero. With balanced data the mean squares 
are orthogonal (Steel and Torrie 1981), which in turn 
means that there is no covariance between the mean 
squares (Namkoong 1979). Nevertheless, with the as- 
sumed variance covariance structure and the assump- 
tion of normality all the mean squares are independent 
(Searle et al. 1992). These assumptions are usually rea- 
sonable in most designed experiments where random 
samples are drawn from normal populations and treat- 
ments are assigned randomly to experimental units 
(Winer et al. 1991). 

This procedure can be generalized. The i th variance 
component can be estimated as a linear combination of 
the l mean squares in the ANOVA table, each with f~ 
degrees of freedom, 

~2 = (alMS1 + a2MS 2 + . . .  + alMSz), 

or equivalently, 

2(MS 2) 
Var(MS) - - -  

( f+2)  

l 

(1) e~ = ~ a , M S  i, 
i 
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where the a's are constants, equivalent to 1/c and - 1/c 
in the previous example. And the variance of this linear 
function of the mean squares is estimated using 

Var(4/2) = Var(~ /a iMSi)  

l 

= Z a/z Var(MSi). 
i 

= ~ Var(aiMSi) 

By using Eq. 1 to estimate the variance of MSi, we 
obtain 

2a2(MSi) 2 

I (3) 

When using any maximum likelihood procedure, the 
asymptotic variance and covariances of the variance 
component estimates can be derived readily as part of 
the estimation process (Searle et al. 1992). However, 
these are asymptotic or large-sample properties, and so 
are only approximate when applied to variance compo- 
nent estimates derived from finite (small) samples. Many 
computer programs, such as PROC VARCOMP of the 
SAS system (SAS Institute 1988) and GAREML (Huber 
1993) which perform REML estimation also provide the 
asymptotic variance-covariance matrix of the estimates. 
These variances and covariances are used to provide a 
measure of the precision of REML estimates even when 
sample size is small because no other estimates are 
avaliable. 

A matrix formulation of Eq. 3 is given by Searle et al. 
(1992, pp 128-138). 

In summary, for balanced data it is possible to derive 
the variance of ANOVA-based variance component 
estimates, requiring only the traditional normality as- 
sumptions, plus the assumption of zero covariance be- 
tween the mean squares. However, in the case of unbal- 
anced data using a random or mixed model, in general 
the mean squares do not have chi-squared distributions, 
nor any multiple of a chi-squared distribution (Searle 
et al. 1992), which is an assumption required to derive 
Eq. 1. The validity of applying this methodology to 
variance components estimated from unbalanced data 
cannot be readily determined theoretically, but at best 
can be expected to provide approximate variances when 
the data are nearly balanced. 

Variance of variance components - REML 
estimates 

For unbalanced data, REML can offer significant ad- 
vantages over ANOVA-based estimators: REML esti- 
mates are unique and nonnegative and have some useful 
large-sample statistical properties, while ANOVA- 
based estimates only retain the property of being un- 
biased (Swallow and Monahan 1984; Khuri and Sahai 
1985; Searle et al. 1992). Hartley and Rao (1967) showed 
that with certain restrictions REML-based estimates are 
asymptotically normal, consistent, and asymptotically 
efficient as the design size increases. However, these 
properties have been verified under less restrictive as- 
sumptions (Harville 1977). 

The derivation of REML estimators requires that an 
underlying probability distribution for all random ef- 
fects in the model be assumed. Commonly, a multivari- 
ate normal distribution is assumed, because this as- 
sumption leads to solutions that can be readily handled 
mathematically, even when the data are unbalanced 
(Searle et al. 1992). Nevertheless, Banks et al. (1985) and 
Westfall (1987) have demonstrated that REML-based 
estimators are robust to violations of this assumption. 

Variance of a ratio 

Unlike linear functions of random variables, no closed- 
form expression exists for estimating the variance of a 
ratio of two random variables. Heritabilities and genetic 
correlations are ratios of estimated variance compo- 
nents and so are ratios of random variables. The vari- 
ance of such ratios can, however, be approximated by 
making simplifying assumptions. Two approximate 
methods will be described here. The first is a simple 
method proposed by Dickerson (1969) that may have 
considerable merit but which is rarely used. The second 
method is based on a Taylor series approximation and is 
the method most commonly used in quantitative gen- 
etics. 

Dickerson (1969) suggested a simple method for ob- 
taining estimates of the variance of the ratio cxl/x 2 
(where x 1 and x 2 are random variables and c is a 
constant): 

 2Va t.t 
Var - x~ (4) 

Equation 4 is derived by treating the denominator, x2, 
as a constant rather than as a random variable. The 
assumption that the denominator is a constant appears 
to be justifiable in the case of heritability estimates. 
Narrow-sense heritability is the ratio between the addi- 
tive variance and the total phenotypic variance. Esti- 
mates of the total phenotypic variance are usually much 
more precise than are estimates of additive variance. 
Thus, for most practical purposes the estimate of 
phenotypic variance could be considered as a known 
parameter rather than an estimate of that parameter. 
Dickerson (1969) states that although this method is 
conservative (i.e., slightly overestimates the varianace), it 
gives results that agree closely with those obtained from 
the Taylor series approximation. 

Standard quantitative genetics texts such as Kem- 
pthorne (1957, p 246), Becker (1975, p 45), and Nam- 
koong (1979, p 232) present without proof or derivation 
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formulae for the variance of the ratio of two random 
variables based on a first-order Taylor series expansion 
(Kendall et al. 1987) that are all numerically equivalent 
to  

Var(g) ~ Var(x~)/O~ + OZVar(x2)/O 4 

- 20~ Cov(xt,x2)/O~2, (5) 

where 9 = xl/x2, E(xO = 01, E(x2)  = 02, and x 1 and x 2 
are random variables. The derivation of Eq. 5 is de- 
scribed in detail along with the assumptions required in 
the Appendix. However, it should be noted that implicit 
in the derivation of Eq. 5 is that E(xl) = 01, E(x2)  --  02, 

Var(xl), Var(x2) and Cov(xi, x2) are assumed known 
when in fact they must be estimated from the data. This 
point may seem trivial, but because of this assumption 
the validity of Eq. 5 is completely dependent on the 
accuracy and precision of the estimated parameters 
used, and hence the data. 

Case study: heritability estimates 

Two types of heritability estimates are commonly re- 
ported in the forestry literature: (1) biased heritability 
(Ades et al. 1992; Borralho et al. 1992; Carson 1989, 
Cotterill et al. 1987; Dean et al. 1986; Dieters et al. 1990; 
Johnson and Burdon 1990; King et al. 1988; Sluder 
1993; Woolaston et al. 1990) and (2) unbiased heritabil- 
ity (Balocchi et al. 1993; Barnes et al. 1992; Hodge and 
White 1992; Kiss and Yeh 1988; Lowe and Greene 1990; 
White and Hodge 1992; Yeh and Heaman 1982). Biased 
estimates of heritability are obtained when variance 
components are estimated from data collected on single 
sites, while unbiased heritability estimates result from 
analyses combining data from paired or multiple test 
locations. In the analysis of single-site data the interac- 
tion between additive genetic effects and environmental 
effects is confounded with additive genetic effects. The 
inability to separate additive-by-environment effects 
from additive effects means that the estimated additive 
genetic variance and, consequently, the heritability, is 
biased upwards (Dickerson 1962; Comstock and Moll 
1963). 

Materials and methods 

Experimental material 

Variance components were estimated from single-site analyses of 148 
separate full-sib progeny tests of slash pine establish between 1966 
and 1988, on sites located primarily in Florida, Georgia, and Ala- 
bama, with a few tests ill Mississippi and South Carolina. Each test 
was established in a randomized complete block design, with each 
full-sib family being represented by either a single row plot or 
non-contiguous plot composed of between 5 and 10 trees in each 
block. There were between 6 and 30 parents (mean of 16.4) in each test, 
crossed in either a diallel or factorial mating design, forming between 
10 and 57 full-sib families (mean of 29.2). For the single-site analyses 

(to estimate h~2), the tests were split into one of two size groups based 
on the number of parents in the test: 'small' (6-15 parents) and 'large' 
(16-30 parents). 

Measurements of total height, diameter (4.5 ft or 1.37 m), and the 
presence/absence of fusiform rust infection were collected at between 
4 and 12 years after planting. Measurements were grouped into three 
age classes centered at 5, 8 and 11 years. Tree volume (Goddard and 
Strickland 1968; Rockwood 1981) and a rust score, 0 for no rust and 
100 if infected with rust, were subsequently calculated for each tree. 
The mean tree volume, across all tests, was 0.222, 1.104, and 2.012 
cubic feet (35.315ft3= 1 m 3) a t  5, 8, and 11 years, respectively. 
Similarly, the mean rust infection levels were 28.8%, 33.4%, and 
36.1% at 5, 8, and 11 years, respectively. 

As a consequence of the tests being established over a 23-year 
period, not all tests were measured at all three ages. For this study, 
data were available for 121, 100, and 81 tests at 5, 8, and 11 years, 
respectively. The overall level of rust infection varied from 0% to near 
100% infection. It is known that tests with low or high levels of rust 
provide little information on rust resistance (White and Hodge 1989); 
therefore, only tests with more than 20% and less than 85% rust were 
included. Hence, the study includes only 113 tests assessed for rust 
infection, with 78, 70, and 59 tests at 5, 8, and 11 years, respectively. 

From these 148 full-sib slash pine tests, it was possible to identify 
76 independent pairs of connected tests, with no tests represented in 
more than one test pair. However, only 39 of these test pairs had a rust 
infection level greater than 20 % and less than 85 % in both tests of the 
pair. These test pairs were used to obtain independent estimates of 
unbiased heritability. The much smaller number of test pairs than 
individual tests did not make it possible to divide the test pairs into 
groups based on test size, as was done in case of biased heritability. 

Estimation of variance components 

Variance components were estimated using DIALL (Schaffer and 
Usanis 1969) for single-site analyses, and GAREML (Huber 1993) for 
both single- and paired-site analyses. Prior to conducting the paired- 
site analyses, scale effects were removed by dividing the volume of 
each tree by the square root of the within-plot variance (estimated 
using REML on the individual site data). DIALL yields Henderson's 
Method III (HM3), ANOVA-based estimates, while GAREML pro- 
vides REML estimates using Giesbrecht's (1983) algorithm. Negative 
estimates obtained using HM3 were accepted to ensure that these 
estimates were unbiased; however, REML estimates are by definition 
nonnegative. 

The most complex model used was that for paired-site analyses of 
factorial tests, using GAREML, while all other models can be thought 
of as a subset of this model. This model was 

YijkZmn = ]1 + t i + b~j + set, + s  + m~ + ~k 

-}- trail q- fmkl + tfmlk! + Pukl if- eijkzm 

t h  t h  t h  t h  where Yljkt~n is the m tree in the kl family in the n set, andj  block 
of the i t~ test, # is the population mean, tl is the random effect of the i ~1~ 

e " 2 . test nvlronment, E(t~) = 0 and Var(ti) = a t , btj is the random effect of 
the jt~ block in the ith test E ( b i ) =  0 and Var(bi)= ~ set~ is the 

t h  " ' J random effect of the n disconnected set, E(set.) = 0 and Var(setn) = 
2 - t h  2 ors ,fk is the random effect of the k female, E ~)  = 0 and Vat(f k) = %~, 

t h  2 m~ is the random effect of the I male, E(m3 = 0 and Var(nh) = %~, ~k 
t h  t h  is the random interaction between the i test and k female, 

2 , . . E (tfik) = 0, and Var (~k) = a~g~, tmiz is the random mteractmn between 
t h  t h  2 the i test and l male, E(trn~z ) = 0, and Var(tm,) = atg~, rfrnik I is the 

t h  t h  random interaction between thei  test and kl family, E(tfm~kl) = O, 
and Var(tfmlkt)= ~2~ o, P~jkl is the random effect of the ijkl th plot, 
E(P~kjl ) = 0 and Var(Pijkt ) = r; 2, and eijkz ~ is the random effect within 
the ijkl th plot, E(eljklm) = 0 and Var(eijkz,, ) = a~. 

In this model it was assumed that there was no covariance between 
the random effects in the model, that variances due to the female and 
male effects were equal, and that the female and male-by'-environment 
interactions were the same. GAREML produced one estimate of 

2 2 %~ and a~_~, by pooling the estimates from the male and female 
v . , , 

parents. Also, when the set term is invoked, all subsequent terms in 
the model are nested within sets. 
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In the case of diallel tests, individual parents are used as both males 
and females in the crosses. By assuming the absence of any reciprocal 
effects, i.e., that it does not matter whether a parent is used as a male or 
as a female, it is possible to estimate the variance components for 
GCA and GCA-by-test location. Thus, in the above linear modelfk, 
m~, tf~, and tmu were replaced by g~, g~, t9~, and tg,, respectively, for 
the general combining ability of the k t~ (or I ~) parent, and frn~ was 
replaced by s~ for the specific combining ability (Grilling 1956). 

When conducting single-site analyses, the models used for fac- 
torial and diallel experiments are as given above, except that all terms 
involving effects due to the i '~ test are dropped from the model. 

Estimation of biased heritability and its variance 

All formulae given in this section are for REML-based variance 
component estimates. DIALL did not allow the inclusion of a plot 
term in the model, thereby confounding any plot effect with the 
within-plot error. Hence, for HM3 estimates from DIALL, the expec- 

. . . .  ^ 2  2 2 tmn of the within-plot error is E(aw)= % + a~, Thus, for HM3 
�9 . �9 2 . 2 - . esnmates, all terms mvolwng % are omatted, and a~ is replaced with 

a~v. Estimates of narrow sense, biased heritability were obtained using 
the formula 

4a2CA 
- -  ^ 2  ^ 2  ^ 2  . 2  

2~oc A + O'sc A + ff p + a w 

where d~cA and ~sZcA when estimated from single sites are confounded 
. . . .  ^ 2  2 with genotype-by-enwronment mteractmn, thus E(oacx)= %co + 

2 ^ 2  2 2 c%~, and E(ascA)= %~, + %~ (Comstoek and Moll 1963). These 
formulae for biased heritability are similar to those used in forest 
genetics (Cotteril11987) and are appropriate for use with data correc- 
ted for set and block effects. 

Estimates of the variance of biased heritability estimates were 
obtained for both the HM3 and REML variance component esti- 
mates using (1) Dickerson's method, (2) the Taylor series approxi- 
mation, and (3) an empirical estimate of the variance. The empirical 
estimate of the variance ofheritability was simply the variance among 
comparable heritability estimates�9 This empirical estimate therefore 
contained an estimate of the variance of heritability estimates due to 
the differences in site quality and uniformity, differences in manage- 
ment and maintenance of the tests, differences in the mating design 
and experimental design, as well as many other factors. Given the 
large number of different progeny tests involved in this empirical 
estimate, it is believed that the empirical estimate approached the 
'true' variance of heritability estimates of slash pine in the south- 
eastern USA at these ages. 

The formula used to calculate the Dickerson's approximate esti- 
mate of the variance of the biased heritability was 

V~r(h~) 16Var(O~cA) 
�9 2 ~ 2  * 2  * 2  2 

(20"GCA + (~SCA "j- f f  p "~- r 

The formula used to calculate the variance of the biased heritabil- 
ity, estimated using the Taylor series approximation, was obtained by 
inserting into Eq. 5 the approximate values of E(x 0 = 0 D E(x2) = 02, 
Var(xl), Var(x2), and Cov(xl, x2) given below: 

E(xO ~ 4e2CA 

^2 ^2 .2  ^2 E(x2) ~ 2~7~c A 3- r A + ~Tp 3- t7 w 

Var(x,) ~ ~ ^2 16Var(%ca) 

Var(x2 ) ~4Vfir(~CA) ^ ~2 ^ ^2 ^ ^2 + Var(ascA) + Var(%) 3- Var(%) 

3- 4Crv(~2CA, .2 ^ ^2 .2 ^ *2 aSCA) + 4 COV(a~CA, %) + 4 Coy (%CA, 
^ A2 ^2 2 ^ ^2 ^2 ^2 ^2 + 2 COV(r ap) + Cov(asc A, aw) + 2 Coy (ap, aw) 

^ ^ 2  ^ ^ 2  ^ 2  Cov(xD xz) ~ 8Var(%cA) + 4Cov(CrGCA, aSCA) 
�9 ^2 ^2 ^ ^2 ^2 

3- 4Cov(~6c A, ~p) + 4 Cov(O'Gc A, O'w) 

Estimation of unbiased heritability and its variance 

Variance component estimates from the paired-site analyses were 
substituted into the following formula to calculate heritability esti- 
mates: 

4 6 ~  /~2= 
^ 2  ^ 2  * 2  ^ 2  . 2  ^ 2  

2 ao~ ~ + a ~  + 2 atgc~ + atria + ap + a,~ 

The formula used for calculating the Dickerson's approximate 
estimate of the variance of the biased heritability was 

16 VSr(e~.) 
Var(h2) ~ (2dg~. ^z .2 .2 .2 ^ 2 2 

-[~ O'sc a -]- 20"tOca + r -}- Op -~ G w )  

The formula used for calculating the Taylor series approximate 
variance of the heritability was obtained by inserting into Eq. 5 the 
approximate values of E(Xl) = 01, E(x2) = 02, Var(xl), Var(x2), and 
CoV(Xl, x2) given below: 

2 E(x,) ~ 4%.~ 

E(x2 ) ^2 ^2 2 620~ + crt~ + ap + % 2%ca + (Tsca _}_ ^2 ^2 ^2 

Var(x 0 ~ 16Var(~2~,) 

Var(x2)~4V~r(d~.) ^ ^2 ^ .2 ^ .2 + Vat(%.) + 4Var(%~.) + Var(%~) 

+V~.r(d2)+ ^ .2 . ^2 a~)  Var(aw) + 4Cov(%~., ~2 
^ * 2  ^ ^ 2  * 2  + 8 Cov(%~., ~t2oc~) + 4Coy (%c., %~) 
^ ~ 2  + 4Cov(aa~,, #p2) + 4C6v (%~,*2 aw)̂ 2 
^ ^ 2  ^ 2  ^ ^ 2  ^ 2  + 4Cov(a .... %co) + 2Cov(%~, %~o) 

+ 2Crv(dZc~, 6v2) + 2C6v (d~c,, r 
. 2  ~ 2  ^ . 2  ~ 2  + 4C~ %c~) + 4C~ (a,gc~, av) 

+4C6v(~oc,, .2 ~ .2 ^2 o~)+2Cov(a  ..... %) 
^ . 2  ^ 2  ~ 2  + 2Cov(a ..... 8 2) + 2C6v (%, a~) 

Results and discussion 

The estimated mean biased heritability of volume 
ranged between 0.005 and 0.177, while the mean herita- 
bility of rust resistance ranged between 0.105 and 0.189 
(Table 1). Estimates of unbiased heritability (Table 2) 
are generally smaller than comparable estimates ob- 
tained from single-sites (Tables 1 and 2). Heritability 
estimates obtained from HM3 and REML variance 
components are similar (except for volume at 5 years), 
though rarely the same, and neither method yields 
estimates consistently lower or higher than the other 
method. Given the imbalance in the data, the REML- 
based estimates can be expected to be more reliable, and 
these observed differences, though not large, do serve to 
highlight the need to use the most appropriate estima- 
tion method available. 

Dickerson's versus Taylor series approximations 

The variance of heritability estimated by the Dickerson 
and Taylor series approximations were compared using 
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Table 1 Overall mean single- 
site (biased) heritability of 
volume and rust resistance in 
slash pine, estimated in small 
(less than 16 parents), large (16 
or more parents), or all full-sib 
tests. Heritability estimates 
were based upon variance 
components estimated by either 
Henderson's Method 3 (HM3) 
or Restricted Maximum 
Likelihood (REML) 

Age 
class 

Size 
class 

Volume 

Number 
of 
test 

Mean single-site 
heritability (h 2) 

HM3 REML 

Five Small 60 0.0048 0.1097 32 
years Large 60 0.0075 0.1202 45 

All 120 0.0061 0.1150 77 

Eight Small 48 0.1169 0.1397 33 
years Large 52 0.1274 0.1407 37 

All 100 0.1224 0.1402 70 

Eleven Small 43 0.1770 0.1709 27 
years Large 39 0.1764 0.1396 33 

All 82 0.1767 0.1560 60 

Rust resistance 

Number 
of tests 

Mean single-site 
heritability (hl) 

HM3 REML 

0.1131 0.1045 
0.1896 0.1569 
0.1578 0.1351 

0.1139 0.1004 
0.1779 0.1677 
0.1477 0.1360 

0.1051 0.1268 
0.1892 0.1424 
0.1514 0.1354 

Table 2 Overall mean 
heritability of paired-site volume Trait Age Number Mean 
and rust in slash pine, estimated class of h 2 
using Restricted Maximum (years) test pairs 
Likelihood (REML). The mean 
heritability (h 2) and its mean Volume 5 62 0.09t2 
variance ( •  standard error of 8 53 0.1181 
mean) is estimated using 11 36 0.1529 
Dickerson's and Taylor series Rust 5 28 0.1519 
approximations and compared 8 21 0.1471 
to an empirical estimate 11 18 0.1622 

Estimated mean variance of heritability 

Dickerson Taylor Empirical 

0.005181 • 0.000615 0.004617 • 0.000502 0.004849 
0.007188 • 0.000741 0.006323 • 0.000633 0.006342 
0.011918 • 0.000233 0.009759 • 0.001749 0.007657 

0.008621 • 0.002165 0.007243 • 0.001932 0.009479 
0.007315 • 0.001875 0.005772 • 0.001332 0.015803 
0.007438 • 0.001475 0.006041• 0.008535 

simple linear regression, and the relationship was always 
strong (all R squares exceeded 0.92). The strength of this 
relationship was apparently unaffected by the method 
used to estimate the variance components, the trait 
examined, test size, or whether single or paired-site 
analyses are used. 

The average variance for hb z of volume and rust 
resistance, estimated by the Dickerson and Taylor series 
approximations are of similar magnitude (Figs. 1 and 2). 
The mean variance estimated by Dickerson's approxi- 
mation was usually larger than, but sometimes equal to, 
the Taylor series estimates. Although these differences 
were not necessarily significant, Dickerson's method 
was on average consistently more conservative. These 
same results were also observed for the unbiased herita- 
bility of volume and rust resistance (Table 2) and were 
also reported by Dickerson (1969). 

Empirical estimate versus Dickerson and Taylor 
series approximations 

The mean variance of h 2 for both volume growth and 
rust, estimated using the Dickerson, Taylor series and 
empirical methods (Figs. 1 and 2) were of the same 
magnitude, regardless of the procedure used to estimate 

the variance components and the size of the test. How- 
ever, the empirical estimate of the variance of h 2 was 
usually larger than that estimated by either of the ap- 
proximate methods. The more conservative nature of 
the Dickerson estimates means that these estimates were 
generally closer to the empirical estimates than were the 
Taylor series estimates. 

The only consistent exception to this observed under- 
estimation of the empirical variance was when using 
REML estimates from the small tests. In this case the 
approximate variances were nearly the same as, or 
larger than, the empirical estimate of variance. It is 
possible that the difference between HM3 and REML in 
small tests reflected the fact that asymptotic variances 
and covariances were used for REML estimates. There- 
fore, the Taylor series and Dickerson approximations, 
which use the asymptotic variances and covariances, 
would have been affected by sample size. Thus, it might 
reasonably be expected that estimates from larger tests 
would be more reliable than those from small tests when 
using REML. 

Unbiased heritability estimates (h 2) also showed a 
good relationship between the empirical variance esti- 
mates and the Dickerson and Taylor series approxi- 
mations (Table 2). However, for rust resistance the ap- 
proximate methods were consistently low, but only 
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Fig. 1 Mean variance of the biased heritahility (h~) of tree volume in 
slash pine, estimated using Dickerson's approximation, and a Taylor 
series approximation compared to an empirical estimate of the 
variance. Heritability estimates are obtained from variance compo- 
nents estimated using Henderson's Method 3 (HM3) and Restricted 
Maximum Likelihood (REML), at 5, 8, and 11 years, in small (less 
than 16 parents), large (16 or more parents), and all fulI-sib tests 
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Fig. 2 Mean variance of the biased heritability (h~) of rust resistance 
in slash pine, estimated using Dickerson's approximation, and a 
Taylor series approximation compared to an empirical estimate of 
the variance. Heritability estimates are obtained from variance com- 
ponents estimated using Henderson's Method 3 (HM3) and Restric- 
ted Maximum Likelihood (REML), at 5, 8, and 11 years, in small (less 
than 16 parents), large (16 or more parents), and all full-sib tests 

significantly so at 8 years. It is possible that the small 
number of test pairs (less than 30) involved in the rust 
resistance estimates of Table 2 may have been a contri- 
buting factor. Nevertheless, the estimates obtained from 
the two approximate methods were always of a similar 
magnitude to the empirical estimates, and there is no 
strong evidence to suggest that the approximate 
methods consistently over or underestimated the 'true' 
variance of paired test, unbiased heritability estimates 
(for volume the approximations were very close, but for 
rust the approximations were similar to, but less than 
the empirical estimates). 

It is unlikely that all the assumptions required in the 
development and application of the Dickerson and 
Taylor series approximations were fulfilled for both 
HM3 and REML variance component estimates. 
Nevertheless, these two methods provided reasonable 
approximations to the empirical variance of biased and 
unbiased heritabilities for both volume and rust resist- 
ance in slash pine. The observed deviations of both the 
Dickerson and Taylor series approximations from the 
empirical estimates of the variance only serves to high- 
light the fact that these are approximate and not exact 
methods. 
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Conclusions 
0~, 02, '" Ok, from Kendall et al. (1987) the first-order Taylor series 
expansion of g(x  1, x2, ... xk) is 

The data presented indicate that Dickerson's method 
provided estimates of the variance of h 2 and h 2 that 
corresponded closely to estimates obtained from the 
Taylor series approximation, but which were slightly 
more conservative (i.e., larger). This conclusion was 
found to be valid for both tree volume (a continuous 
trait) and fusiform rust resistance (a bernoulli trait) in 
slash pine, and was not dependent on the method of 
variance component estimation or on test size. 

Comparisons of the Dickerson's and Taylor series 
approximations with a empirical estimates of the vari- 
ance of h 2 and h a indicated that these are both reason- 
able approximations to the 'true' variance (taken to be 
the empirical estimate) of h~ and h 2. However, these 
approximate variances tended to underestimate the 
'true' variance of h 2, while for h a there is no strong 
evidence to suggest that the approximate methods con- 
sistently over- or underestimated the empirical variance. 
When REML estimates from small tests (less than 16 
parents in this case) are used, it is possible that the 
asymptotic variance and covariances may not be re- 
liable, causing an over-estimation of the empirical vari- 
ance of h 2. 

For most practical purposes when seeking to esti- 
mate the variance of biased or unbiased heritability 
estimates, it seems reasonable to conclude that either the 
Dickerson or the Taylor series approximations will 
provide useful estimates of the 'true' variance. However, 
Dickerson's method seemed to be preferable to the 
Taylor series approximation because (1) both methods 
provided essentially the same information about the 
variance of heritability estimates, (2) it was more conser- 
vative than the Taylor series approximation and thus 
perhaps closer to the presumed 'true' variance, and (3) 
the Dickerson method was considerably simpler to cal- 
culate. 

Acknowledgements We gratefully acknowledge members of the 
Cooperative Forest Genetics Research Program who supplied the 
data that made these analyses possible. The authors also wish to 
thank Drs. D. L. Rockwood and M. DeLorenzo for their critical 
review of this paper. 

Appendix 

Derivation of the first-order Taylor series approximation 
of the variance of a ratio of two random variables 

Kempthorne (1957, p 246), Becker (1975, p 45), and Namkoong (1979, 
p. 232) present without proof or derivation formulae for the variance 
Of the ratio of two random variables based on a first-order Taylor 
series expansion that are numerically equivalent to 

Var(g) -~ Var (xO/O 2 + 02Var(x2)/O~ - 201Cov(xt, x2)/O ~, (A1) 

where g = x l / x 2 ,  E ( x O  = 01, E(xz )  = 02, and x 1 and x z are random 
variables. 

In order to derive this formula let us first consider the multivariate 
function g(x  1, x 2, .. .xk). If g'i(O) is Og(x 1, X2,'"Xk)/C~Xl evaluated at 

g(xl ,  x2, ... xk) = 0(0) + z~g'i(0)(x~- 03 + o (n  -r) (A2) 

where 0 is the vector 01, 02, . . .  O k, g(O) is g(x  1, x 2 . . .  Xk) evaluated at 0, 
and O(n -r) is a remainder term. 

In the following discussion Eq. A1 is derived from the first-order 
expansion of the Taylor series given in Eq. A2. For brevity 
g(x l ,  x 2 . . .  xk) will be referred to simply as g(x). In order to do this it is 
necessary to derive (1) the expected value ofg(x) and (2) the variance 
ofg(x), which are in turn used to derive the formula for the variance of 
a ratio given in Eq. A1. 

The expected value of g(x) is derived as follos: 

e[g(x)] = e [g(0) + z,a'~(0)(x~- 0,) + O(n-r)] 

= E[g(O)] + E[Z~g}(O)(x~-  0~)] + E [ O ( n - r ) ]  Step 1 

= g(O) + E i E  [g'i(O)(xl - 0i)] + 0 (n-~) Step 2 

=g(0) + Zr [(x~ - 0~)] + O(n -~) Step 3 

=g(0) + N~gi(O)[E(xr - OJ + O(n -~) Step 4 

= g(O) + O(n-r)  (A3) 

Intially, Eq. A2 is substituted for g(x), and Step 1 proceeds by 
distributing the expectation operator with respect to addition. In 
Step 2, g(O) and O(n -r) are constants and so are equal to their own 
expectations, and in a similar manner to Step 1 the expectation 
operator can be placed inside the summation over i. Steps 3 and 4 use 
the fact that g'i(0) and 0 i are constants. And in the final step, the 
expression E(x~) - 01 = 0, because E(x~) = 0 i. 

The variance of g(x) is derived as follows: 

Var [g(x)] = Var [g(0) + E~g'~(O)(x~ - 0~) + O(n-r)] 

= Var [g(0)] + Var[Z~g'~(O)(x~- 0~)] 

+ Var[O(n-9]  + Covariances Step 1 

= Var[Zig' i (O)(x i - Oi) ~ + O(n-r )  * Step 2 

= Vat [O'~ (O)(xl - 01) + g'2(O)(x2 - 02) + ' "  + g'i(O)(x, - Oi) 

+ . . .  + g'k(O)(xk -- Ok) ] + O ( n - ' ) *  Step 3 

= Var[g ' l (O)(x  1 - 01) ] + Var[g'2(O)(x2 --  02) ] + . . .  

+ V a r [ g i ( O ) ( x ~ -  0~)] + . . .  + Var [g'k(0)(X k -- Ok)] 

+ 2CovEg'I(O)(xl  - 01) , g'z(O)(x2 - 02) ] 

+ 2Cov[a ' l (O) (x l  - 01) , g'a(O)(x3 - 03) ] + ... 

+ 2Cov [g'l (0)(x 1 - 0 O, g'~(O)(x, - 0,)3 + . . .  

+ O ( n - 9 *  Step 4 

= Y'~=I Var [g'~(O) (x, - 0,)] 
k t + 2E~;=~ Coy [g~(O)(x~ - 0~), gj(O)(x~ - 0)3  

+ O ( n - ' ) *  Step 5 

= Z~=~ {0'~(0)} 2 Var [(x~ - 0~)] 

+ z z ~ . = ,  g',(o)g)(O) Cov E ( x , -  o~), (~j - o j)3 

+ O ( n - ' ) *  Step 6 

= 2~_ 1 {g'~(0)} 2 Var(xi) 

+ Y,Z~j=~ g'~(O)g'j(O) Cov(x~, x j) + 0 (n-9* (A4) 

The initial step in this derivation involves substitution of Eq. A2 
for g(x), and Step 1 proceeds by distributing the variance operator. 
Step 2 is based on the fact that g(O) is a constant, and so has zero 
variance. In Step 2 the variance of O ( n - 9  as well as the covariances 
between the x'~s and O(n -~) are now represented by the single term, 
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O(n-r)*. The third step simply involves an expansion of the summa- 
tion operator. Step 4 utilizes the therorem presented in Eq. 2 of the 
main paper. Step 5 is an alternative expression for Step 4 using 
summation notation. In Step 6 g}(O) and g)(O) are constants, and so 
they can be taken outside the variance and covariance operators. The 
final step involves that fact that the 0'~ s are constants and so contri- 
bute no variance or covariance. 

It is now possible to derive a formula for the variance of a ratio : 
let g(xl,  x2) = x2/x2. Thus, from Eq. A2, g(x 1, x2) is equal to 

ff(xa, x2) = g(xx, x2)1olo2 + @(x2, x2)/Ox110xoe(X1 -- 02) 

+ Dg(xl, x2)/~X21oio2(X2 - 02) + O(n -~) 

where 

g(xl ,  x2)1olo2 = 01/02 

~9(xl, x2)/Ox110102 = 1/x2 ]0202 = 1/02, and 

@(x2, x2)/Ox2 ]0102 = - xl/(x2)21olo2 = - 01/(02) 2- 

Therefore, 

g(xl, x2) = 0,/02 + (1/02)(xl - 02) + ( - -  01/ (02)  2 ) (X2 - -  02) ~- O(n -r) 
(A5) 

From Eqs. A4 and A5 it is possible to estimate the variance of 
x l / x  2 in the following manner 

Var(xl /x2)  = Z2=1 {91(0)} 2 Var (xi) + EZ2ej=l g'i(O) g)(O) Cov (xi, x j) 

+ o(n-9  

= (1/02)2 Var(xl ) + (_  01/(02)2)2 Var (x2) 

+ 2(1/02)(--01/(02) 2) Cov(x 1, x2) + O(n-r) 

= Var(xl)/O~ 2 4 + O1Var(x2)/02 - 201 Cov(xl, x2)/032 

+ O(n 9 (A6) 

If we assume that O(n- ' )  is negligble, then Eq. A6 is the same as 
Eq. A1 (Eq. 5 of the main paper). Thus, the three assumptions re- 
quired are (1) all second-and higher-order terms contained in O(n-r) 
are negligible, (2) all the covariances between the x]s and the remain- 
der are relatively small, and (3) the values of E(x  0 = 01, E(x2) = 02, 
Var(x0, Var(x2) and Cov(x 1, x2), are implicitly assumed to be known 
when in practice they are unknown and must be estimated from the 
data. 
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